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Mean-field & beyond in Brussels

Ingredients

Skyrme (zero-range) effective interaction

Representation of single-particle wavefunctions on a 3D
mesh

Usually triaxial solutions with pairing

Afterwards projection on good Ĵ and A

Configuration mixing
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Pairing = Choice of quasiparticles

Hartree-Fock

β̂†k = α̂†
k

No pairing

BCS

β̂†k = ukα̂
†
k + vkα̂k̄

Easy and (semi) free

Not applicable without
time-reversal

HF-Bogoliubov

β̂†k =
∑
i

uiα̂
†
i + viα̂i

Most general



Symmetry
unrestricted

Skyrme
mean-field

study of heavy
nuclei

Wouter
Ryssens, M.

Bender &
P.-H. Heenen

Introduction

Symmetries

Pairing

State of
MOCCa

Symmetry
breaking for
Radium
isotopes

Conclusion

Pairing = Choice of quasiparticles

Hartree-Fock

β̂†k = α̂†
k

No pairing

BCS

β̂†k = ukα̂
†
k + vkα̂k̄

Easy and (semi) free

Not applicable without
time-reversal

HF-Bogoliubov

β̂†k =
∑
i

uiα̂
†
i + viα̂i

Most general



Symmetry
unrestricted

Skyrme
mean-field

study of heavy
nuclei

Wouter
Ryssens, M.

Bender &
P.-H. Heenen

Introduction

Symmetries

Pairing

State of
MOCCa

Symmetry
breaking for
Radium
isotopes

Conclusion

Pairing = Choice of quasiparticles

Hartree-Fock

β̂†k = α̂†
k

No pairing

BCS

β̂†k = ukα̂
†
k + vkα̂k̄

Easy and (semi) free

Not applicable without
time-reversal

HF-Bogoliubov

β̂†k =
∑
i

uiα̂
†
i + viα̂i

Most general



Symmetry
unrestricted

Skyrme
mean-field

study of heavy
nuclei

Wouter
Ryssens, M.

Bender &
P.-H. Heenen

Introduction

Symmetries

Pairing

State of
MOCCa

Symmetry
breaking for
Radium
isotopes

Conclusion

MOCCa

All symmetries X

HF, BCS or HFB X

Plenty Skyrme X

Robust and easy X
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MOCCa = Modular Cranking Code



Symmetry
unrestricted

Skyrme
mean-field

study of heavy
nuclei

Wouter
Ryssens, M.

Bender &
P.-H. Heenen

Introduction

Symmetries

Pairing

State of
MOCCa

Symmetry
breaking for
Radium
isotopes

Conclusion

MOCCa

All symmetries X

HF, BCS or HFB X

Plenty Skyrme X

Robust and easy X

; ,

) ;( (

( ( ) ;

,-"""-.

,-|‘-...-’|

((_| |

‘-\ /

‘.___.’

MOCCa = Modular Cranking Code



Symmetry
unrestricted

Skyrme
mean-field

study of heavy
nuclei

Wouter
Ryssens, M.

Bender &
P.-H. Heenen

Introduction

Symmetries

Pairing

State of
MOCCa

Symmetry
breaking for
Radium
isotopes

Conclusion

Rotational symmetry breaking
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Octupole collectivity from a 
beyond-mean field point of view!

!
!
!
!
!

V. Hellemans, M. Bender, P.-H. Heenen

BrIX, 26/11/2014, SCK-CEN



Introduction

Mean-field approach : HF + BCS

E = E
kin

+ E
Sk

+ E
pairing

+ E
Coulomb

+ E
corr

Beyond mean-field 
approaches

Restrict form of the 
wavefunction to Slater 
determinant + break 
symmetries

Symmetry restoration

Configuration mixing

↵†
k = uka

†
k + vkak̄

|BCSi / ⇧i↵i|0i

describe a ground state of pairwise interacting 
states as a gas of non-interacting quasi-particles

Quasi-particle transformation :

�E = 0 ground state

BrIX, 26/11/2014, SCK-CEN



Introduction

Mean-field approach : HF + BCS

E = E
kin

+ E
Sk

+ E
pairing

+ E
Coulomb

+ E
corr

�(E � �N hN̂i � �N hẐi) = 0

↵†
k = uka

†
k + vkak̄

|BCSi / ⇧i↵i|0i

describe a ground state of pairwise interacting 
states as a gas of non-interacting quasi-particles

Quasi-particle transformation :
Pairing of p-p 

correlations included !

no longer good 
particle number !

BrIX, 26/11/2014, SCK-CEN



How to include deformation in this picture ?

(2,0)

(3,0)

rotational symmetry 
broken

�(E � �N hN̂i � �ZhẐi��qhQ̂lmi) = 0

Introduction

parity broken

Symmetry breaking allows us to take extra (static) correlations into 
account w/o losing the simple independent (quasi) particle picture

M. Bender et al., PRC 69, 064303 (2004)

Breaking of rot. symmetry => the np-nh SM correlations

BrIX, 26/11/2014, SCK-CEN



Introduction

|JMqi = 1

NJMq
P̂ J
M0P̂Z P̂N P̂⇡|qi

M. Bender et al., PRC 69, 064303 (2004)

Beyond mean-field  : symmetry restoration

P̂ J
M0 =

2J + 1

16⇡2

Z
d⌦DJ⇤

M0R(⌦)

axial symmetry

Ang. momentum projection

mixes states with 
different orientations

leads to enriched 
wavefunction that contains 
more correlations than |q>

BrIX, 26/11/2014, SCK-CEN



Introduction

Superposition of many 
symmetry projected 
mean-field states

|JMki =
X

q

fJ,k(q)|JMqi

M. Bender et al., PRC 69, 064303 (2004)

Beyond mean-field  : configuration mixing

. ..
... . .

. .
.. .... ... .. .

�hJMk|H|JMki = 0
HW equations

Dynamical correlations:!
collective correlations 
around a given mean-
field state

BrIX, 26/11/2014, SCK-CEN



Introduction

Superposition of many 
symmetry projected 
mean-field states

|JMki =
X

q

fJ,k(q)|JMqi

M. Bender et al., PRC 69, 064303 (2004)

Beyond mean-field  : configuration mixing

. ..
... . .

. .
.. .... ... .. .

�hJMk|H|JMki = 0
HW equations

Dynamical correlations:!
collective correlations 
around a given mean-
field state

Thus far limited to quadrupole 
deformed nuclei!
!
Present: octupole collectivity!

BrIX, 26/11/2014, SCK-CEN



Octupole collectivity
Some phenomena require the inclusion of octupole 
deformation in (beyond) mean-field approachesGLOBAL SYSTEMATICS OF OCTUPOLE EXCITATIONS IN . . . PHYSICAL REVIEW C 84, 054302 (2011)
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FIG. 5. Energy of 226Ra as a function of octupole deformation β3

as in Figs. 1, 4(g). A very similar plot is shown in Fig. 3 of Ref. [3].

state at 977 keV, a K = 0− with the 1− state at 1263 keV and
finally a K = 2− with a 2− state at 1793 keV. Our excitation
energy of 1.7 MeV should be compared with the 1263 keV
of the 1− state of the K = 0− band. The theoretical value
is stretched by a factor 1.4 with respect to the experimental
value (see discussion below). Note that the measured octupole
transition at 1.04 MeV is not relevant for the comparison
because it corresponds to a different K value.

C. 226Ra
226Ra has the lowest 3− excitation energy of any nucleus

in the compilation of Ref. [25], E3 = 320 keV. It also has
the highest transition strength in the compilation, W (E3) =
54 Weisskopf units [24]. On the theory side, the nucleus is
predicted to deform both in the quadrupole (β2 ≈ 0.3) and the
octupole degrees of freedom. The HFB/GCM energy curve,
shown in Fig. 5, has a minimum at β3 ≈ 0.13.

This nucleus is very interesting for our survey, not only
because of the static octupole deformation, but because the
theory is seen to fail badly if the large amplitude fluctuations
are not properly accounted for. The predicted excitation
energies for different treatments of the GCM configurations are
shown in Table I. The most naive theory (top line) would ignore
the GCM construction and simply take the HFB minimum and
project from that. The overlap ⟨−q|q⟩ at the HFB minimum
is essentially zero and the E3 comes out less than 1 keV. In
the next approximation we consider (second line), we take the

TABLE I. Calculated energies of 226Ra with various choices of
the configuration set.

Nq β3 Ee (MeV) Eo (MeV) E3 (MeV)

1 0.15 −1722.63 −1722.63 0.00
1 0.05 −1722.71 −1721.01 1.7
2 0.05, 0.15 −1723.43 0.37
3 0.05, 0.1, 0.15 −1723.45 0.31
4 0.025, 0.075, 0.125, 0.175 −1723.53 0.22
12 [−0.5,0.5] 0.16
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FIG. 6. Energy of 20Ne as a function of octupole deformation β3

as in Figs. 1, 4 and 5.

single configuration that gives the MAP ground state. Here the
deformation is much closer to zero. However, the E3 calculated
as the difference between the even and odd projected states
is now far too large, 1.7 MeV. Of course in the full MAP
approximation we should take the configurations at different
β3 for odd and even projections. This is done in line 3 of
the table, and now the E3 has the correct order of magnitude.
Adding more configurations, the valued do not change much
on an absolute MeV scale, but on a relative scale there is a
considerable change. The most complete HW treatment, on
the bottom line, underpredicts the energy by a factor of ≈ 2.

We also show the HW and MAP wave functions in Fig. 3.
It is clear that the full wave functions are far from harmonic
and that the MAP approximation fails badly.

D. 20Ne
20Ne illustrates some differences that one sees in treating

light nuclei by the GCM/HW, first studied by this method in
Ref. [1]. Due to the incipient alpha clustering, the equilibrium
octupole deformation of the projected configurations can be
very large. The HFB and projected energies are shown in
Fig. 6. Note that the HFB energy deviates from a quadratic
dependence on the deformation, and looks almost linear at
large β3. Figure 7 shows the density distribution at the two
projected minima. One sees a compact localized density,
suggestive of an alpha particle, outside a nearly spherical
core. Since the α emission threshold is rather low in this
nucleus, one should expect a softness in with respect to the
generator coordinate corresponding to alpha cluster separation.
In a multipole representation, this requires changing both the
quadrupole and the octupole deformation. This is in fact what
occurs in our GCM wave functions. Figure 8 shows their
deformations in the two multipolarities. The coupling of the
multipolarities can cause problems, however. We will come
back to this in the Appendix, referring to the coupling in 16O,
also shown on the figure.

In Table II the results for all the examples considered are
collected. For the B(E3) transition probabilities two formulas

054302-5

L. Robledo et al., PRC 84, 054302, 2011

momentum of the state and p is its parity. (For 224Ra the previously
measured value of t21 cannot be determined independently as the
21 R 01 transition is contaminated with the Ra X-rays.) In both cases
the fitted matrix elements for the 21 R 01 E2 transition (220Rn) and
for the 41 R 21 E2 transition (224Ra) were found to agree, within the
experimental uncertainties, with the values obtained using the lifetime
measurements.

The measured E1, E2 and E3 matrix elements for 220Rn and 224Ra
are given in Table 1. The values of the intrinsic moments, Ql, are given
in Fig. 3. These are determined from the experimental values of the
reduced matrix element between two states having angular momenta
I and I9 induced to undergo a transition by the electromagnetic oper-
ator El, ,I9jjEljjI., assuming the validity of the rotational model22.
Here l 5 1,2,3 refers to E1, E2, E3 respectively. For the E2 and E3 matrix
elements, the measured values are all consistent with the geo metric
predictions expected from a rotating, deformed distribution of electric
charge, although these data do not distinguish whether the negative-
parity states arise from the projection of a quadrupole-octupole de-
formed shape or from an octupole oscillation of a quadrupole shape32.
Table 2 compares the experimental values of Ql derived from the
matrix elements connecting the lowest states for nuclei near Z 5 88
and N 5 134 measured by Coulomb excitation. It is striking that while
the E2 moment increases by a factor of 6 between 208Pb and 234U, the E3
moment changes by only 50% in the entire mass region. Nevertheless,
the larger Q3 values for 224Ra and 226Ra indicate an enhancement in
octupole collectivity that is consistent with an onset of octupole
deformation inthis mass region. On the other hand, 220Rn has similar
octupole strength to 208Pb, 230,232Th and 234U, consistent with it being
an octu pole vibrator. In the case of a vibrator, the coupling of an
octupole phonon to the ground state rotational band will give zero
values for matrix elements such as ,12jjE3jj41., because an aligned
octupole phonon would couple the 41 state to a 72 state. Although the
present experiment does not have sensitivity to this quantity, this
effect has been observed for 148Nd in the Z < 56, N < 88 octupole
region33, while for 226Ra the intrinsic moment derived from the
measured ,12jjE3jj41. is similar to that derived from the value
of ,01jjE3jj32. (ref. 23). The deduced shapes of 220Rn and 224Ra
are presented in Fig. 4. Here the values of quadrupole and octupole

deformation b2 and b3 were extracted from the dependence of the
measured Q2 and Q3 on the generalized nuclear shape34.

The conclusions drawn from the present measurements are also
consistent with suggestions from the systematic studies of energy
levels7 (relative alignment of the negative-parity band to the positive-
parity band) that the even–even isotopes 218–222Rn and 220Ra have
vibrational behaviour while 222–228Ra have octupole-deformed char-
acter (see figures 12 and 13 in ref. 7). For odd-mass 219Ra there is no
evidence35 for parity doubling, whereas for 221Ra a parity doublet of
states with I 5 5/2 separated by 103.6 keV has been observed36. In the
Ba–Nd region with Z < 56 and N < 88, where the octupole states arise
from vibrational coupling to the ground-state band, the evidence for
parity doubling of the ground state arising from reflection asymmetry
is inconclusive37,38. This suggests that the parity doubling condition
that leads to enhancement of the Schiff moment15 is unlikely to be met
in 219,221Rn. On the other hand 223,225Ra, having parity doublets sepa-
rated by ,50 keV (ref. 21), will have large enhancement of their Schiff
moments.

The values of Ql, deduced from the measured transition matrix
elements, are plotted in Fig. 5 as a function of N. The anomalously low
value of Q1 for 224Ra, measured here for the first time, has been noted
elsewhere9,13,39. The measured Q1 and Q2 values are in good agreement
with recent theoretical calculations of the generator-coordinate exten-
sion of the Gogny Hartree–Fock–Bogoliubov (HFB) self-consistent
mean field theory16, particularly using the D1M parameterization40.
However, as remarked earlier, the trend of the experimental data is
that the values of Q3 decrease from a peak near 226Ra with decreasing
N (or A), which is in marked contrast to the predictions of the cluster
model calculations17. It is also at variance with the Gogny HFB mean-
field predictions of a maximum for 224Ra (ref. 16). It should be noted,
however, that relativistic mean field calculations14 predict that the
maximum value of Q3 occurs for radium isotopes between A 5 226
and 230, depending on the parameterization, and Skyrme Hartree–
Fock calculations15 predict that 226Ra has the largest octupole defor-
mation. Both predictions are consistent with our data. We cannot
completely eliminate the possibility that there are unobserved coupl-
ings from the ground state to higher-lying 32 states that should be
added (without energy weighting) to the observed coupling to the

Table 2 | The values of the E2 and E3 intrinsic moments, Ql

Ql Nucleus

208Pb 220Rn 224Ra 226Ra 230Th 232Th 234U

Q2 (e fm2) 179 6 4 (ref. 44) 434 6 14 632 6 10 717 6 3 (ref. 23) 900 6 6 (ref. 45) 932 6 5 (ref. 46) 1,047 6 5 (ref. 45)
Q3 (e fm3) 2,100 6 20 (ref. 44) 2,180 6 130 2,520 6 90 2,890 6 80 (ref. 23) 2140 6 100 (ref. 47) 1970 6 100 (ref. 48) 2,060 6 120 (ref. 47)

Values of Ql given here are derived from the matrix elements (seeFig. 3 legend) connecting the lowest-lying states in nuclei near Z 5 88 and N 5 134. The values for 220Rn and 224Ra are taken from the present work.
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❖ Asymmetric fission!
❖ E1 transitions (! nucleosynthesis)!
❖ Nuclei with static octupole 

deformation (e.g. Ra) or octupole 
deformation after PP (eg. 20Ne)!

❖ Such nuclei are important in search 
for permanent atomic E1 moment
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180Hg: asymmetric fission
Static mean-field approach to 180Hg
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Figure courtesy M. Bender1.04(28) s. In total, 346 dual coincidences between fission
fragments are observed; see Fig. 2(b). Finally, prompt
coincidences between fission fragments and Hg K x rays
are registered. These observations together unambiguously
prove the observation of prompt fission of excited states in
180Hg fed in the ! decay of 180Tl. This confirms that the
fission events reported by Lazarev et al. [16] with a half-
life of 0:97þ0:08

"0:07 s indeed belong to the !DF of 180Tl.
The purity of the 180Tl sample allows absolute branching

ratios of its decay channels to be deduced by comparing
the summed number of 180Tl ! decays and !DF events to
the number of 180Hg " decays (see Figs. 2 and 3) using the
well-known " branching ratio of 180Hg [48(2)% [21]]
and a correction for the different half-lives due to the
implantation-decay cycle. This results in an !þ=EC
branching ratio of 94(4)% and a !DF probability
P!DFð180TlÞ ¼ 3:6ð7Þ & 10"3% for 180Tl. Thus, this work
resolves long-standing questions about the experiments of
Lazarev et al. [16]. They indeed observed !DF, but, most
probably due to an overestimation of the calculated pro-
duction cross section of 180Tl, their reported P!DF value
was approximately 100 times too small. Our P!DF value,
using the calculated difference QECð180TlÞ " Bfð180HgÞ ¼
0:63 MeV from Ref. [13], is in agreement with the system-
atics ofP!DF as a function ofQEC " Bf in the U region, the
other region where !DF has been observed; see, e.g., [14].

A correct fission-fragment energy calibration using a
252Cf source and taking pulse-height defects into account
can be performed only for the 346 coincident fission events
of 180Hg, and a fission-fragment mass distribution can be
obtained through a well-established procedure [22,23]. The
resulting spectrum as a function of the total kinetic energy
and the fission-fragment mass is shown in Fig. 4. The mass
distribution is clearly asymmetric, with the most probable
heavy and light masses of AH ¼ 100ð1Þ and AL ¼ 80ð1Þ,
having a width of sigma ¼ 4:0ð3Þ amu. The most probable

Z values of the heavy and light fission fragments are
deduced to be ZH ¼ 44ð2Þ and ZL ¼ 36ð2Þ, respectively,
assuming that the N=Z ratio of the parent nucleus 180Hg is
preserved in the fission fragments. Thus, the most abun-
dantly produced fission fragments are 100Ru and 80Kr and
their neighbors. Although 75% of the fission events are
detected in coincidence with # rays, no discrete lines are
observed due to Doppler broadening. The energy deposited
in the Ge detectors reaches a maximum of 6.4 MeV. The
average total kinetic energy as obtained from Fig. 4 is
134.6(7) MeV with a width of sigma ¼ 5:6ð8Þ MeV.
The energy released in the !DF process is shared among
the !þ=EC decay, the fragments (excitation and kinetic
energy), and possible neutron emission. Assuming the
fragments 100Ru and 80Kr, this energy release is
!Mð180TlÞ " !Mð100RuÞ " !Mð80KrÞ ¼ 157:8 MeV
[24]. Then, by accounting for the energy released in
# emission, we find that only the evaporation of at most
one neutron is energetically possible. It is important to
stress that the maximum excitation energy of 180Hg is
limited to the parent QECð180TlÞ ¼ 10:44 MeV [13].
The most surprising result of this study is the asymmet-

ric mass distribution of the fission fragments of 180Hg.
Indeed, one might have expected a symmetric fission-
fragment mass distribution, as this was observed to be
the main mode of the low-energy fission in a broad
neutron-deficient region below Th [8]. In addition, the
explanations offered for the much smaller ‘‘apparent’’
asymmetry seen in the work of Itkis et al. [9,25] lead to
a prediction that mass distributions will also be symmetric
below A ' 195. Finally, the very common arguments,
applied, e.g., for the fission of heavy actinides, that frag-
ment shell effects (rather than shell effects in the region
near the saddle) determine mass distributions would also
lead to an expectation of symmetry. This is because there
are no strong ground-state shell effects in the measured
asymmetric fragments of 180Hg, while the weak shell effect
for the nucleus 90Zr, with magic N ¼ 50 and semimagic

DF

3.6(7) -3

Tl180

Hg180

Pt
176

Au
176

+/EC

+/EC

FIG. 3. A simplified decay scheme of 180Tl with deduced half-
life and branching ratios for its various decay modes. The
94(4)% !þ=EC decay branch of 180Tl is shown schematically
by arrows feeding excited states in 180Hg; those states in the
vicinity of the fission barrier can undergo !DF.

FIG. 4 (color online). The derived fission-fragment distribu-
tion of 180Hg as a function of the fragment mass and the total
kinetic energy.
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180Hg

❖ Set of Skyrme parame-
trizations for which the 
surface parameter is 
varied in a controlled 
way

SLy5s1

SLy5s8

Figure courtesy M. Bender

❖ Lower as  - improved results

New SLysX Skyrme interactions

(R. Jodon, K. Bennaceur, J. Meyer)
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180Hg : projection on AMP+PP+PNP
Calculation for SLy5s1180Hg
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180Hg : projection on AMP+PP+PNP
=> thus far : only “minimal path” at mean-field 
level projected. The full q2-q3 surface needs to 
be constructed to find the “minimal path” after 
projection!
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20Ne : full GCM

20Ne - a full GCM perspective

L. Robledo et al., PRC 84, 054302, 2011

L. M. ROBLEDO AND G. F. BERTSCH PHYSICAL REVIEW C 84, 054302 (2011)
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FIG. 7. Nucleon density distribution in 20Ne at β3p (left) and β3m

(right).

are used depending on the quadrupole deformation (see next
section). .

IV. SYSTEMATICS

We have applied the HFB/GCM/HW theory across the chart
of nuclides including 818 nuclei between 8 ! Z ! 110. About
6% of them are octupole deformed in the HFB ground state.
The nuclei are shown in Fig. 9. Favorable conditions for static
octupole deformation occur when a high-j intruder orbital
is close to an opposite-parity orbital with three units less of
orbital angular momentum near the Fermi energy [10], which
happens for Z and N values around 36, 56, 88, and 134. The
regions around Ba and Ra are well known in earlier studies. We
also find static deformations near 80Zr and near Z ≈ N ≈ 56
(for this region, see also Ref. [5]). There are also calculations
in the literature reporting static octupole deformations in other
regions as well [26,27]. In any case, the HFB deformation is
not an observable. Physically, one can only measure excitation

0
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FIG. 8. Deformation of the octupole-constrained HFB configura-
tions for 16O and 20Ne.

TABLE II. Summary of results for the four examples discussed
in the text. References for column 4, other theory.

Nucleus E3 (MeV) W (E3)

Exp. Present Other Theory Eq. Exp.

20Ne 5.6 6.7 5.2a 12 (11) 13
208Pb 2.6 4.0 4.0b 53 (12) 34
158Gd 1.04 1.93 11.6 (11) 12
226Ra 0.32 0.16 43 (11) 54

aReference [1].
bReference [2].

energies and transitions strength. These are compared with
experiment in the two subsections following.

A. Excitation energies

We now compare theory with the experimental data from
the review by Kibédi and Spear [25]. The excitation energies
of the 284 tabulated nuclei with Z " 8 are shown in Fig. 10,
plotted as a function of A. The data show a strong overall
A- dependence as well as shell-related fluctuations. The line
shows a fit to the smooth trend in A with the phenomeno-
logical parametrization E(A) = 103/A0.85 MeV. The most
pronounced fluctuation about the trend is the rise and sudden
drop near A = 208; the drop to low values is due to the extreme
softness in the octupole mode. The theoretical energies, shown
as triangles, replicate the overall trend with A and the dramatic
fluctuation at A ∼ 208. However, overall the theoretical
energies are too high, particularly in the light nuclei.

A more detailed comparison of theory and experiment may
be seen on the scatter plot Fig. 11. For excitation energies above
1 MeV, the theoretical values track the experimental but scaled
by a factor. Around 1 MeV and below the theoretical values
become closer to experiment. The lowest energy measured
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Z

N

FIG. 9. Chart of the nuclides showing those calculated in the
present study. Those in black have static octupole deformations in
HFB. Except for the nuclei near N ∼ Z ∼ 40, the nucleon numbers
correspond well to the numbers 56, 88, and 136 listed in Ref. [10] as
especially favorable for octupole deformation.
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FIG. 5. Energy of 226Ra as a function of octupole deformation β3

as in Figs. 1, 4(g). A very similar plot is shown in Fig. 3 of Ref. [3].

state at 977 keV, a K = 0− with the 1− state at 1263 keV and
finally a K = 2− with a 2− state at 1793 keV. Our excitation
energy of 1.7 MeV should be compared with the 1263 keV
of the 1− state of the K = 0− band. The theoretical value
is stretched by a factor 1.4 with respect to the experimental
value (see discussion below). Note that the measured octupole
transition at 1.04 MeV is not relevant for the comparison
because it corresponds to a different K value.

C. 226Ra
226Ra has the lowest 3− excitation energy of any nucleus

in the compilation of Ref. [25], E3 = 320 keV. It also has
the highest transition strength in the compilation, W (E3) =
54 Weisskopf units [24]. On the theory side, the nucleus is
predicted to deform both in the quadrupole (β2 ≈ 0.3) and the
octupole degrees of freedom. The HFB/GCM energy curve,
shown in Fig. 5, has a minimum at β3 ≈ 0.13.

This nucleus is very interesting for our survey, not only
because of the static octupole deformation, but because the
theory is seen to fail badly if the large amplitude fluctuations
are not properly accounted for. The predicted excitation
energies for different treatments of the GCM configurations are
shown in Table I. The most naive theory (top line) would ignore
the GCM construction and simply take the HFB minimum and
project from that. The overlap ⟨−q|q⟩ at the HFB minimum
is essentially zero and the E3 comes out less than 1 keV. In
the next approximation we consider (second line), we take the

TABLE I. Calculated energies of 226Ra with various choices of
the configuration set.

Nq β3 Ee (MeV) Eo (MeV) E3 (MeV)

1 0.15 −1722.63 −1722.63 0.00
1 0.05 −1722.71 −1721.01 1.7
2 0.05, 0.15 −1723.43 0.37
3 0.05, 0.1, 0.15 −1723.45 0.31
4 0.025, 0.075, 0.125, 0.175 −1723.53 0.22
12 [−0.5,0.5] 0.16
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as in Figs. 1, 4 and 5.

single configuration that gives the MAP ground state. Here the
deformation is much closer to zero. However, the E3 calculated
as the difference between the even and odd projected states
is now far too large, 1.7 MeV. Of course in the full MAP
approximation we should take the configurations at different
β3 for odd and even projections. This is done in line 3 of
the table, and now the E3 has the correct order of magnitude.
Adding more configurations, the valued do not change much
on an absolute MeV scale, but on a relative scale there is a
considerable change. The most complete HW treatment, on
the bottom line, underpredicts the energy by a factor of ≈ 2.

We also show the HW and MAP wave functions in Fig. 3.
It is clear that the full wave functions are far from harmonic
and that the MAP approximation fails badly.

D. 20Ne
20Ne illustrates some differences that one sees in treating

light nuclei by the GCM/HW, first studied by this method in
Ref. [1]. Due to the incipient alpha clustering, the equilibrium
octupole deformation of the projected configurations can be
very large. The HFB and projected energies are shown in
Fig. 6. Note that the HFB energy deviates from a quadratic
dependence on the deformation, and looks almost linear at
large β3. Figure 7 shows the density distribution at the two
projected minima. One sees a compact localized density,
suggestive of an alpha particle, outside a nearly spherical
core. Since the α emission threshold is rather low in this
nucleus, one should expect a softness in with respect to the
generator coordinate corresponding to alpha cluster separation.
In a multipole representation, this requires changing both the
quadrupole and the octupole deformation. This is in fact what
occurs in our GCM wave functions. Figure 8 shows their
deformations in the two multipolarities. The coupling of the
multipolarities can cause problems, however. We will come
back to this in the Appendix, referring to the coupling in 16O,
also shown on the figure.

In Table II the results for all the examples considered are
collected. For the B(E3) transition probabilities two formulas
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state at 977 keV, a K = 0− with the 1− state at 1263 keV and
finally a K = 2− with a 2− state at 1793 keV. Our excitation
energy of 1.7 MeV should be compared with the 1263 keV
of the 1− state of the K = 0− band. The theoretical value
is stretched by a factor 1.4 with respect to the experimental
value (see discussion below). Note that the measured octupole
transition at 1.04 MeV is not relevant for the comparison
because it corresponds to a different K value.

C. 226Ra
226Ra has the lowest 3− excitation energy of any nucleus

in the compilation of Ref. [25], E3 = 320 keV. It also has
the highest transition strength in the compilation, W (E3) =
54 Weisskopf units [24]. On the theory side, the nucleus is
predicted to deform both in the quadrupole (β2 ≈ 0.3) and the
octupole degrees of freedom. The HFB/GCM energy curve,
shown in Fig. 5, has a minimum at β3 ≈ 0.13.

This nucleus is very interesting for our survey, not only
because of the static octupole deformation, but because the
theory is seen to fail badly if the large amplitude fluctuations
are not properly accounted for. The predicted excitation
energies for different treatments of the GCM configurations are
shown in Table I. The most naive theory (top line) would ignore
the GCM construction and simply take the HFB minimum and
project from that. The overlap ⟨−q|q⟩ at the HFB minimum
is essentially zero and the E3 comes out less than 1 keV. In
the next approximation we consider (second line), we take the

TABLE I. Calculated energies of 226Ra with various choices of
the configuration set.

Nq β3 Ee (MeV) Eo (MeV) E3 (MeV)

1 0.15 −1722.63 −1722.63 0.00
1 0.05 −1722.71 −1721.01 1.7
2 0.05, 0.15 −1723.43 0.37
3 0.05, 0.1, 0.15 −1723.45 0.31
4 0.025, 0.075, 0.125, 0.175 −1723.53 0.22
12 [−0.5,0.5] 0.16
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single configuration that gives the MAP ground state. Here the
deformation is much closer to zero. However, the E3 calculated
as the difference between the even and odd projected states
is now far too large, 1.7 MeV. Of course in the full MAP
approximation we should take the configurations at different
β3 for odd and even projections. This is done in line 3 of
the table, and now the E3 has the correct order of magnitude.
Adding more configurations, the valued do not change much
on an absolute MeV scale, but on a relative scale there is a
considerable change. The most complete HW treatment, on
the bottom line, underpredicts the energy by a factor of ≈ 2.

We also show the HW and MAP wave functions in Fig. 3.
It is clear that the full wave functions are far from harmonic
and that the MAP approximation fails badly.

D. 20Ne
20Ne illustrates some differences that one sees in treating

light nuclei by the GCM/HW, first studied by this method in
Ref. [1]. Due to the incipient alpha clustering, the equilibrium
octupole deformation of the projected configurations can be
very large. The HFB and projected energies are shown in
Fig. 6. Note that the HFB energy deviates from a quadratic
dependence on the deformation, and looks almost linear at
large β3. Figure 7 shows the density distribution at the two
projected minima. One sees a compact localized density,
suggestive of an alpha particle, outside a nearly spherical
core. Since the α emission threshold is rather low in this
nucleus, one should expect a softness in with respect to the
generator coordinate corresponding to alpha cluster separation.
In a multipole representation, this requires changing both the
quadrupole and the octupole deformation. This is in fact what
occurs in our GCM wave functions. Figure 8 shows their
deformations in the two multipolarities. The coupling of the
multipolarities can cause problems, however. We will come
back to this in the Appendix, referring to the coupling in 16O,
also shown on the figure.

In Table II the results for all the examples considered are
collected. For the B(E3) transition probabilities two formulas
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❖ no pairing, only HF!
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Conclusions and outlook

❖ The new SLy5s(1-8) parametrization are promising 
for the description of fission barriers !

❖ A more systematic study of PP+PNP+AMP 
projected barriers should be performed to decide 
which SLy5s(1-8) is the best.!

❖ First GCM with AMP+PP projected octupole 
deformed states for 20Ne

To do ?
❖ Still implement EM (dipole,quadrupole,octupole, ..) 

transitions in the Hill-Wheeler code for configuration 
mixing!

❖ Tackle the physics !! !
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